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Abstract
In order to explain the fermion masses and mixings naturally, we introduce a specific flavor sym-
metry and mass suppression pattern that constrain the flavor structure of the fermion Yukawa
couplings. Our model describes why the hierarchy of neutrino masses is milder than the hierar-
chy of charged fermion masses in terms of successive powers of flavon fields. We investigate CP
violation and neutrinoless double beta (0νββ) decay, and show how they can be predicted and
constrained in our model by present and upcoming experimental data. Our model predicts that
the atmospheric neutrino mixing angle θ23 should be within ∼ 1◦ of 45◦ for the normal neutrino
mass ordering (NO), and between ∼ 4◦ and ∼ 8◦ degrees away from 45◦ (in either direction) for
the inverted neutrino mass ordering (IO). For both NO and IO, our model predicts that a 0νββ
Majorana mass in the limited range 0.035 eV < |mee| . 0.15 eV, which can be tested in current
experiments. Moreover, our model can successfully accommodate flavorless leptogenesis as the
mechanism to generate the baryon asymmetry in the Universe, provided the neutrino mass order-
ing is normal, |mee| ≃ 0.072 ± 0.012 eV, and either θ23 ≃ 44◦ and the Dirac CP-violating phase
δCP ≃ 20◦ or 60◦, or θ23 ≃ 46◦ and δCP ≃ 205◦ or 245◦.
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I. INTRODUCTION
An outstanding puzzle in the standard model (SM) of particle physics is the pattern
of fermion masses and mixings. The fermion masses cover a range of at least 12 orders
of magnitude. The neutrino mass is bounded by
∑
mν . 0.23 eV (Planck-I) or . 0.66
eV (Planck-II) [1], which is to be compared to the top quark mass mt ≃ 173 GeV [2].
The mass ratio between the heaviest and the lightest quark (the top and the up quark) is
mt/mu ∼ 105, the mass ratio between the heaviest and the lightest charged lepton (the tau
and the electron) is mτ/me ∼ 103, and the mass ratio between neutrinos seems to be ∼ 102.
Fermion mixing angles follow a different pattern for quarks and leptons: one large and two
small mixing angles for the quarks (∼ 13◦, ∼ 2◦, ∼ 0.2◦) and a large CP-violating phase
(∼ 60◦); two large and one small mixing angle for the leptons (∼ 33◦, ∼ 45◦, ∼ 8◦) and no
experimental information yet on the leptonic CP-violating phases.
It is believed that an understanding of the observed pattern of fermion masses and mixings
may provide a crucial clue to physics beyond the SM. The two large lepton mixing angles may
be telling us about new symmetries not present in the quark sector and may provide a clue
to the nature of the quark-lepton physics beyond the SM. Actually, in the absence of flavor
symmetries, particle masses and mixings are generally undetermined in a gauge theory. With
a single Higgs in the SM one cannot explain the strong hierarchies in the quark and lepton
masses. Of course, one can imagine that the fermion masses and mixings are independent
parameters in the SM. However, one cannot calculate them from a fundamental theory. It
is natural to suppose that the extreme smallness of the neutrino masses in comparison to
the charged fermion masses is related to the existence of a new fundamental scale, and thus
to new physics beyond the SM. Large ratios between the masses of fermions of successive
generations may be due to suppressions by different powers of the new scale, and there could
be a hierarchy in which the masses of the lighter fermions are suppressed by powers of a
large new scale (e.g., the seesaw mechanism of [3] or the Froggatt-Nielsen mechanism of [4]).
A new large scale may also be used to explain why the hierarchy of neutrino masses is milder
than the hierarchies of quarks and charged leptons.
In this paper, we introduce a specific flavor symmetry and mass suppression pattern that
constrain the flavor structure of the fermion Yukawa couplings and leads to predictions for
the fermion masses and mixings. The large fermion mixing angles can be understood by
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introducing a non-Abelian discrete flavor symmetry group, and the small fermion mixing
angles can arise from a mismatch between the residual symmetry of the flavor group after
the discrete flavor symmetry is spontaneously broken. The mass hierarchies of the fermion
sector can be understood by introducing an anomalous U(1)X global symmetry, in which
gauge singlet flavon fields Fi couple to dimension-3 or -4 fermion operators with different
powers of Fi. Schematically, the electroweak-scale fermion Lagrangian depends on the flavon
fields as
c0O0 + c′1O′1F + c1O1
(F
Λ
)
+ c2O2
(F
Λ
)2
+ c3O3
(F
Λ
)3
+ · · · , (1)
where the O′1 and the Oi are dimension-3 and dimension-4 fermion operators, and the
coefficients c′1 and ci are of order 1. Here Λ is the scale of flavor dynamics, and the mass
scale of the Froggart-Nielsen heavy fields that are integrated out. Since the Yukawa couplings
are eventually responsible for the fermion masses they must be related in a very simple way
at a large scale in order for intermediate scale physics to produce all the interesting structure
in the fermion mass matrices.
We propose a realistic model for quarks and leptons based on an A4 × U(1)X flavor
symmetry 1 in the seesaw framework. The seesaw mechanism, besides explaining of smallness
of the measured neutrino masses, has the additional appealing feature of being able to
generate the observed baryon asymmetry of the Universe through leptogenesis [6]. In such
a framework the Yukawa couplings are functions of flavon fields which are responsible for
making right-handed neutrinos very heavy.
The main theoretical goal of our work is twofold. First, we are going to explain the
large and small mixing angles in the lepton and quark sectors, and the enormously various
hierarchies spanned by the fermion masses, in terms of successive powers of the flavon field,
describing also why the hierarchy of light neutrino masses is relatively mild, while the hierar-
chy of the charged fermions is strong. Second, we investigate CP violation and neutrinoless
double beta (0νββ) decay in the lepton sector and show how CP phases and/or 0νββ-decay
can be predicted and/or constrained by the model and/or the present experimental data.
Moreover, in our model, since the Dirac neutrino Yukawa couplings are of order 1, a suc-
cessful explanation of the baryon asymmetry of the Universe through leptogenesis may be
1 It is different from previous works using A4 symmetries [5] in that the Dirac neutrino Yukawa coupling
constants do not all have the same magnitude.
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possible if the leptogenesis scale is ∼ 1012 GeV, which is below the grand unification scale of
∼1016 GeV. Implementing such leptogenesis can provide information or constraints on the
Dirac CP-violating phase and 0νββ-decay.
This paper is organized as follows. In the next section, first we lay down the particle
content and the field representations under the A4 flavor symmetry, then we construct Higgs
and Yukawa Lagrangians, and finally add a flavor symmetry U(1)X to build an effective
model. In Sec. III, we discuss how the hierarchies of masses and mixings in the quark
and lepton sectors can be realized after spontaneous symmetry breaking of the A4 flavor
symmetry. In Sec. IV, we consider leptonic CP violation, 0νββ-decay and leptogenesis, and
we perform a numerical analysis of our model using neutrino oscillation data. We give our
conclusions in Sec. V.
II. THE MODEL
In order to understand the small lepton mixing angle θ13 ∼ 8◦ and the two large lepton
mixing angles (θ12 ∼ 33◦, θ23 ∼ 45◦) as well as the Cabibbo quark mixing angle θC ∼ 13◦
and the two small quark mixing angles, we propose a model based on an A4 flavor symmetry
for leptons and quarks, which is an extension of that in Ref. [7]. In addition, in order to
describe the strong hierarchy of charged fermion masses and the mild hierarchy of neutrino
masses, we use the mechanism in Eq. (1), imposing a continuous global U(1)X symmetry
under which the fermions are distinguished.2 Finally, to enforce that only the Higgs field η
and not Φ contributes to up-type quark and charged-lepton mass terms, we have introduced
a discrete Z2 symmetry. Mathematical details of the group A4 are given in Appendix A.
We extend the standard model (SM) by the inclusion of right-handed neutrinos and
additional Higgs fields. The field content of our model and the field assignments to A4 ×
SU(2)L × U(1)Y × U(1)X × Z2 representations are summarized in Table I, which we now
describe (the U(1)X assignments are explained in Section IIA below).
2 Since Goldstone modes resulting from spontaneous U(1)X symmetry breaking are not phenomenologically
allowed, U(1)X is explicitly broken by a soft-breaking term.
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TABLE I: Representations of the fields under A4 × SU(2)L × U(1)Y × U(1)X × Z2.
Field
Leptons Quarks Higgses Flavons
Le, Lµ, Lτ eR, µR, τR NR QL1 , QL2 , QL3 uR, cR, tR DR Φ η χ Θ
A4 1, 1
′, 1′′ 1, 1′, 1′′ 3 1 1 3 3 1 3 1
SU(2)L 2 1 1 2 1 1 2 2 1 1
U(1)Y −1 −2 0 13 43 −23 1 1 0 0
U(1)X −p 7p, 4p, 2p 0 q − 3p, q − 2p, q q + 7p, q + 4p, q 3p+ q 0 0 p −p
Z2 + − + + − + + − + +
The left-handed lepton doublets
Le =
νLe
eL
 , Lµ =
νLµ
µL
 , Lτ =
νLτ
τL
 , (2)
are respectively assigned to the 1, 1′, 1′′ representations of A4. That is, they are S-flavor-
even and have T -flavor 0, +1, and −1, respectively. The right-handed charged leptons
eR, µR, τR, (3)
are also assigned to the 1, 1′, 1′′ representations of A4, respectively. They have thus the
same S-flavor-parity and T -flavor of the left-handed charged lepton in the same generation.
In other words, electrons and electron-neutrinos have T -flavor 0, muons and muon-neutrinos
have T -flavor +1, and tau and tau-neutrinos have T -flavor −1. The right-handed neutrinos
NR =
(
NR1 NR2 NR3
)
(4)
are a triplet of A4 (i.e., are in the 3 representation of A4). They can either be written in
the S-diagonal matrix representation as in Eq. (4), where NR1 is S-flavor-even and NR2 and
NR3 are S-flavor-odd, or in the T -diagonal representation
NR =
(
NR,0 NR,+1 NR,−1
)
UTω , (5)
where NR,t has T -flavor t (see Appendix A).
We assign the left-handed quark doublets
QL1 =
uL
dL
 , QL2 =
cL
sL
 , QL3 =
tL
bL
 , (6)
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to the 1 representation of A4. That is, they are all S-flavor-even and have T -flavor 0. The
right-handed down-type quarks are assigned to the 3 representation of A4, i.e., they are an
A4 triplet. They can be written in the S-diagonal or in the T -diagonal bases as
DR =
(
dR sR bR
)
=
(
dR,0 dR,+1 dR,−1
)
UTω . (7)
Here dR is S-flavor-even, sR and bR are S-flavor-odd, and dR,t has T -flavor equal to t. Notice
the mismatch between the T -flavors of right-handed and left-handed down-type quarks. The
right-handed up-type quarks
uR, cR, tR, (8)
are assigned to the same A4 representation as the left-handed up-type quarks of the same
name.
The Higgs sector contains two sets of Higgs fields, according to the order of magnitude of
their vacuum expectation value (VEV) after symmetry breaking. Higgs bosons in the first
set have VEVs of the order of the electroweak symmetry breaking scale (∼ 102 GeV). Higgs
bosons in the second set have much larger VEVs, and are flavon fields.
The electroweak Higgs fields are an A4 triplet Φ (in the 3 representation) and an A4
singlet η (in the 1 representation); both are SU(2)L doublets:
Φ =
ϕ+1 ϕ+2 ϕ+3
ϕ01 ϕ
0
2 ϕ
0
3
 =
ϕ+0 ϕ++1 ϕ+−1
ϕ00 ϕ
0
+1 ϕ
0
−1
UTω , (9)
η =
η+
η0
 . (10)
The fields ϕ+j and η
+ (ϕ0j and η
0, resp.) have electric charge +1 (0, resp.). The fields ϕ+1 ,
ϕ01, η
+ and η0 are S-flavor-even, while ϕ+,02,3 are S-flavor-odd. The fields ϕ
+,0
0 , ϕ
+,0
+1 , and ϕ
+,0
−1
have T -flavor 0, +1, and −1, respectively, while η+,0 have T -flavor zero.
The flavon fields are an A4 triplet χ (in the 3 representation) and an A4 singlet Θ (in the
1 representation); both are SU(2)L singlets:
χ = (χ1, χ2, χ3), Θ. (11)
The Higgs doublet Φ, the Higgs singlets χ and Θ, and the singlet neutrinos NR are
assumed to be triplets under A4, and can so be used to introduce lepton-flavor violation
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in an A4 symmetric Lagrangian. In our Lagrangian, acquiring non-zero VEVs 〈Θ〉 and 〈χ〉
breaks the flavor symmetry and the U(1)X symmetry. The breaking of the U(1)X symmetry
is communicated to the fermions with different powers of the flavon fields χ and Θ.
A. Low energy Yukawa terms
We start by designing a concrete model that will induce the desired effective Yukawa
Lagrangian in the way of Eq. (1). Here we consider only the Lagrangian terms that give rise
to lepton and quark masses.
The flavon gauge singlets Θ and χ are dynamical at a very high energy scale (namely, the
seesaw scale, or the grand unification theory scale). Their VEVs are communicated to the
charged fermions through Yukawa couplings and give rise to the fermion masses. We focus
on the particularly interesting possibility that the hierarchical pattern of charged fermion
masses can be explained by powers of 〈F〉/Λ according to appropriate flavor symmetries.
Since the Yukawa couplings are ultimately responsible for the fermion masses which reflect
enormously various hierarchies they must be understood in a very reasonable way: an anoma-
lous U(1)X global symmetry prevents the direct Yukawa coupling of the SM Higgs doublet
to the light fermions. In addition to this, to obtain a realistic Cabibbo-Kobayashi-Maskawa
(CKM) matrix which needs additional off-diagonal terms it is necessary to consider higher
order effects which are generated with different powers of the flavor scale as in Eq. (1). Here
the U(1)X quantum numbers are suitably assigned to the fields content as in Table I, where
p and q are arbitrary real numbers.
In the effective theory valid below the new physics scale Λ, the quark and the lepton
Yukawa couplings are functions of the SM gauge singlet scalar flavon fields Θ and χ. The
Yukawa matrices can be expanded in powers of the flavon fields F = (Θ, χ) schematically
as
Yij(F) = yˆij
(F
Λ
)n
, (12)
where the yˆij are numerical coefficients.
We assume the following hierarchy of scales: vχ and M (seesaw scale) are much larger
than vΦ and vη (electroweak scale) and much less than vΘ and Λ (flavon scale),
vΦ ≈ vη ≪ M ≈ vχ ≪ vΘ ≪ Λ. (13)
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According to this hierarchy, in the effective lagrangian below the flavor scale we keep only
the leading order terms in 1/Λ and up to the linear terms in χ. With the representation
assignments in Table I, the Lagrangian terms bilinear in the lepton and quark fields, invariant
under SU(2)× U(1)×A4 × U(1)X × Z2, and to the order just mentioned are given by
Lleading = Luleading + Ldleading + Lℓleading + Lνleading + h.c., (14)
where
−Luleading =
yˆu
Λ10
Θ10 Q¯L1 η˜ uR +
yˆuc
Λ7
Θ7 Q¯L1 η˜ cR +
yˆut
Λ3
Θ3 Q¯L1 η˜ tR
+
yˆcu
Λ9
Θ9 Q¯L2 η˜ uR +
yˆc
Λ6
Θ6 Q¯L2 η˜ cR +
yˆct
Λ2
Θ2 Q¯L2 η˜ tR
+
yˆtu
Λ7
Θ7 Q¯L3 η˜ uR +
yˆtc
Λ4
Θ4 Q¯L3 η˜ cR + yˆt Q¯L3 η˜ tR (15)
−Ldleading =
yˆd
Λ6
Θ6 Q¯L1(ΦDR)1 +
yˆs
Λ5
Θ5 Q¯L2(ΦDR)1 +
yˆb
Λ3
Θ3 Q¯L3(ΦDR)1
+
1
Λ6
Θ5 Q¯L1(xˆdΦDRχ
∗)1 +
1
Λ5
Θ4 Q¯L2(xˆsΦDRχ
∗)1 +
1
Λ3
Θ2 Q¯L3(xˆbΦDRχ
∗)1
(16)
−Lℓleading =
yˆe
Λ8
Θ8 L¯e η eR +
yˆµ
Λ5
Θ5 L¯µ η µR +
yˆτ
Λ3
Θ3 L¯τ η τR (17)
−Lνleading =
yˆν1
Λ
Θ L¯e(Φ˜NR)1 +
yˆν2
Λ
Θ L¯µ(Φ˜NR)1′ +
yˆν3
Λ
Θ L¯τ (Φ˜NR)1′′
+
1
2
M(N cRNR)1 +
1
2
yˆνR
Λ
Θ
[
(N cRNR)3sχ
]
1
+
1
Λ
L¯e(xˆ
ν
1Φ˜NRχ
∗)1 +
1
Λ
L¯µ(xˆ
ν
2Φ˜NRχ
∗)1′ +
1
Λ
L¯τ (xˆ
ν
3Φ˜NRχ
∗)1′′. (18)
Here the xˆ and yˆ’s are numerical coefficients, the fields Φ˜ ≡ iτ2Φ∗ and η˜ ≡ iτ2η∗ are obtained
with the help of the Pauli matrix τ2, and in Eqs. (16) and (18) we have used the abbreviations
(xˆabc)1 = xˆ
s[a(bc)3s]1 + xˆ
a[a(bc)3a ]1, (19)
and those obtained by replacing 1 with 1′ or 1′′, for the A4-singlet part of the product of
three A4-triplet fields a, b, and c.
In the Lagrangian (14), each flavor of quarks has its own independent Yukawa term, with
the same representation of A4 but different representation of U(1)X . Similarly, each flavor of
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charged-leptons has its own independent Yukawa terms, since the A4 singlet charged-leptons
Le (eR), Lµ (µR), and Lτ (τR) belong to different singlet representations 1, 1
′, and 1′′ of
A4, respectively. Therefore, the up-type quark and charged lepton mass matrices are auto-
matically diagonal due to the A4-singlet nature of the up-type quark, charged lepton, and
SU(2)L doublet Higgs field. The up-type quark Yukawa terms and the charged lepton terms
involve the A4 singlet Higgs η. Each flavor of Dirac neutrinos also has its own independent
Yukawa term, since they belong to different singlet representations 1, 1′, and 1′′ of A4: the
Dirac neutrino Yukawa terms involve the A4 triplets Φ and NR, which combine into the ap-
propriate singlet representation. Since the right-handed neutrinos having a mass scale much
above the weak interaction scale are complete singlets of the SM gauge symmetry, it can
possess bare SM invariant mass terms. In addition to the bare mass term, the right-handed
neutrinos have another independent Yukawa term that involve the A4-triplet SM-singlet
Higgs χ. The terms in Ldleading provide off-diagonal entries in the down-type quark mass
matrix and to the two small mixing angles in the quark CKM matrix with the condition
Eq. (13). Notice that the Z2 symmetry forbids terms of the form Θ
nQ¯LiΦ˜χ
∗ in Luleading and
of the form ΘnL¯ℓΦχ
∗ in Lℓleading, i.e., enforces that η and not Φ contribute mass terms to
the up-quarks and charged leptons.
From the leading-order Lagrangian (14) we obtain the following Yukawa and Majorana–
mass terms for the quark and lepton fields in the effective Lagrangian below the flavon
scale,
−LYuk = Q¯L Yu η˜ quR + Q¯L Y (i)d Φi qdR
+ L¯ Yℓ η ℓR + L¯ Y
(i)
ν Φ˜iNR
+
1
2
N cRMRNR + h.c.. (20)
Here i = 1, 2, 3 and we use matrix notation with QL = (QL1 , QL2, QL3)
T , qu = (u, c, t)T ,
qd = (d, s, b)T , L = (L1, L2, L3)
T , ℓ = (e, µ, τ)T , NR = (NR1, NR2, NR3)
T . The Yukawa
matrices Y and the neutrino Majorana mass matrix MR are
Yu =

λ10 yˆu λ
7 yˆuc λ
3 yˆut
λ9 yˆcu λ
6 yˆc λ
2 yˆct
λ7 yˆtu λ
4 yˆtc yˆt
 , Yℓ =

λ8 yˆe 0 0
0 λ5 yˆµ 0
0 0 λ3 yˆτ
 , (21)
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Y
(1)
d =

λ6 yˆd 0 0
λ5 yˆs 0 0
λ3 yˆb 0 0
 , Y (2)d =

0 λ6 yˆd ǫλ
7 xˆ+d
0 λ5 yˆs ǫλ
6 xˆ+s
0 λ3 yˆb ǫλ
4 xˆ+b
 , Y (3)d =

0 ǫλ7 xˆ−d λ
6 yˆd
0 ǫλ6 xˆ−s λ
5 yˆs
0 ǫλ4 xˆ−b λ
3 yˆb
 , (22)
Y (1)ν =

λ yˆν1 0 0
λ yˆν2 0 0
λ yˆν3 0 0
 , Y (2)ν =

0 λyˆν1 ǫλ
2xˆν+1
0 ω2λyˆν2 ω
2ǫλ2xˆν+2
0 ωλyˆν3 ωǫλ
2xˆν+3
 , Y (3)ν =

0 ǫλ2xˆν−1 λyˆ
ν
1
0 ωǫλ2xˆν−2 ωλyˆ
ν
2
0 ω2ǫλ2xˆν−3 ω
2λyˆν3
 ,
(23)
MR =

M 0 0
0 M κM
0 κM M
 . (24)
Here we have defined xˆ±f = xˆ
s
f ± xˆaf , the complex parameter
κ = yˆνR
vχ
M
vΘ
Λ
, (25)
and the parameters λ (the Cabibbo angle parameter) and ǫ
λ =
vΘ
Λ
, ǫ =
1
λ
vχ
vΘ
. (26)
In the hierarchy (13), ǫ ≈ λ≪ 1.
Notice that the effective Lagrangian in Eq. (20), with complex coefficients yˆ and xˆ of
order one, can be taken as the starting point of our model. Inspection of Eqs. (21–24) shows
that the top quark has its own renormalizable Yukawa coupling and the Majorana nuetrino
has bare mass term and each Dirac neutrino has the same order of magnitude of Yukawa
coupling, while other couplings are suppressed by successive powers of F/Λ. This supplies
the the strong and mild hierarchical Yukawa couplings needed to explain the charged fermion
masses and the light neutrino masses, respectively.
To summarize, the flavon-fermion couplings and the expansion in inverse powers of the
large scale Λ has the following consequences.
(i) All Yukawa couplings yˆ appearing in the Lagrangian (14) are complex numbers of order
≈ 1. Non-renormalizable terms appear with successive powers of the flavor fields F .
(ii) The neutrino mass terms arise from the first term in Eq. (14), which is renormalizable,
as well as the third term, which is non-renormalizable but the corresponding Yukawa
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couplings have the same form yˆνiΘ/Λ (i = 1, 2, 3), thus explaining why the hierarchy
of neutrino masses is mild. The charged fermion mass terms arise from the sum of
the first (renormalizable) and last three terms (non-renormalizable and containing the
heavy mass scale Λ), thus describing why the hierarchy of the charged fermion masses
is strong.
(iii) By integrating out the heavy flavor fields, all effective Yukawa couplings become hier-
archical Yukawa couplings, and the U(1)X charge assignments make them correspond
to the measured fermion mass hierarchies.
After electroweak and A4 symmetry breaking, the neutral Higgs fields acquire vacuum
expectation values and give masses to the fermions. The Higgs doublet η gives masses to the
up-type quarks and the charge leptons, the Higgs doublet Φ gives Dirac masses to the three
SM neutrinos, and the flavon Higgs singlet χ give Majorana masses to the right-handed
neutrinos. These Majorana masses are large and lead to the seesaw mechanism for neutrino
masses.
III. MASS MATRICES AND MIXING MATRICES
The SU(2) electroweak symmetry is spontaneously broken by nonzero vacuum expectation
values for the Higgs fields η and Φi (i = 1, 2, 3). As explained in Appendix B 2, the vacuum
alignment
〈η〉 = vη√
2
, 〈Φi〉 = vΦ√
2
(27)
provides a minimum of the electroweak Higgs potential. The SM VEV vEW = (
√
2GF )
−1/2 =
246 GeV results from the combination
vEW =
√
v2η + 3v
2
Φ. (28)
In our numerical calculations, we set
vΦ = vη = 123GeV. (29)
In the following, we use the matrix notation qu = (u, c, t), qd = (d, s, b), ℓ = (e, µ, τ),
ν = (νe, νµ, ντ ), and NR = (NR1, NR2, NR3). We recall that the quark and lepton fields in
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the lagrangian are weak interaction eigenstates, i.e., the charged-current interaction term
reads
−Lc.c. = g√
2
W+µ q
u
Lγ
µqdL +
g√
2
W−µ ℓLγ
µνL + h.c. , (30)
where g is the SU(2) coupling constant.
A. Quark sector
The quark mass terms can be written in matrix form as
− L = quLMuquR + qdLMdqdR + h.c. . (31)
Here
Mu = Yu〈η0〉, Md =
3∑
i=1
Y
(i)
d 〈Φ0i 〉. (32)
Explicitly, for 〈η0〉 = vη/
√
2 and 〈Φ0i 〉 = vΦ/
√
2,
Mu = vη√
2

λ10 yˆu λ
7 yˆuc λ
3 yˆut
λ9 yˆcu λ
6 yˆc λ
2 yˆct
λ7 yˆtu λ
4 yˆtc yˆt
 (33)
and
Md = vΦ√
2
λ3

λ3 yˆd λ
3 yˆd λ
3 yˆd
λ2 yˆs λ
2 yˆs λ
2 yˆs
yˆb yˆb yˆb
+ vΦ√2 ǫ λ4

0 λ3 xˆ−d λ
3 xˆ+d
0 λ2 xˆ−s λ
2 xˆ+s
0 xˆ−b xˆ
+
b
 , (34)
Recalling that all the hat Yukawa couplings appearing in Eqs. (33) and (34) are of order
unity and arbitrary complex numbers, and the magnitude of ǫ should not be very small
in order to generate the correct CKM matrix. The mass terms in Eq. (31) indicate that,
with the VEV alignments in Eqs. (B6) and (B13), the A4 symmetry is spontaneously and
completely broken and there is no residual symmetry from A4.
The up (down)-type quark mass matrix Mf with f = u, d can be diagonalized in the
mass basis by a biunitary transformation,
M̂f = V f†L MfV fR = diag(mf1 , mf2 , mf3) , (35)
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by the field redefinitions qfL → V f†L qfL and qfR → V f†R qfR. Here, the unitary matrices V fL and
V fR can be determined by diagonalizing the Hermitian matricesMfM†f andM†fMf , respec-
tively. (Here a general 3 × 3 diagonalizing mixing matrix is given in Eq. (C1)) Especially,
the left-handed up (down)-type quark mixing matrices V fL becomes one of the matrices
composing the CKM matrix such as VCKM = V
u†
L V
d
L (see Eq. (44) below).
In fact, consider the both matrices in Eqs. (33,34) to obtain the CKM matrix and the
quark masses. In the up-type quark sector, the left-handed up-type quark mixing matrix
V uL , diagonalizing the Hermitian matrix MuM†u, can be obtained by
V u†L MuM†uV uL =

m2u 0 0
0 m2c 0
0 0 m2t

≃ v
2
η
2
V u†L

λ6|yˆut|2 + λ14|yˆuc|2 λ5yˆut yˆ∗ct + λ13yˆuc yˆ∗c λ3yˆut yˆ∗t + λ11yˆuc yˆ∗tc
λ5yˆ∗ut yˆct + λ
13yˆ∗uc yˆc λ
4|yˆct|2 + λ12|yˆc|2 λ2yˆct yˆ∗t + λ10yˆc yˆ∗tc
λ3yˆ∗ut yˆt + λ
11yˆ∗uc yˆtc λ
2yˆ∗ct yˆt + λ
10yˆ∗c yˆtc |yˆt|2 + λ8|yˆtc|2
V uL (36)
(Here we do not display the largest power of λ in each entry ofMuM†u.) Under the constraint
of unitarity, the left-handed mixing matrix V uL can be approximated due to the strong
hierarchy in Eq. (33) as
V uL ≃

1 0 λ3 |yˆut|
|yˆt|
eiφ
u
2
0 1 λ2 |yˆct|
|yˆt|
eiφ
u
1
−λ3 |yˆut|
|yˆt|
e−iφ
u
2 −λ2 |yˆct|
|yˆt|
e−iφ
u
1 1
Qu +O(λ5) , (37)
where φu1 ≈ 12 arg(yˆctyˆ∗t ), φu2 ≈ 12 arg(yˆutyˆ∗t ) − 14 arg(yˆctyˆ∗t ), and a diagonal phase matrix
Qu = diag(e
iξu
1 , eiξ
u
2 , eiξ
u
3 ), which can be rotated away by the redefinition of left-handed up-
type quark fields. And the corresponding mass eigenvalues of the up-type quark are given
by
mu ≈ vη√
2
|yˆuc|λ7, mc ≈ vη√
2
|yˆct|2√
3|yˆt|
λ4, mt ≈ vη√
2
|yˆt|. (38)
Similarly, in the down-type quark sector, Md in Eq. (34) generates the down-type quark
masses and their corresponding mixing parameters. In order to diagonalize the matrixMd,
we consider the Hermitian matrix MdM†d from which we obtain the masses and mixing
matrices through diagonalization: we have, showing the leading power of λ explicitly as
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derived from the behavior of the Yukawa coefficients in Eq. (34),
V d†L MdM†dV dL =
v2Φ
2
λ6V d†L

Mˆ11λ
6 Mˆ12λ
5 Mˆ13λ
3
Mˆ∗12λ
5 Mˆ22λ
4 Mˆ23λ
2
Mˆ∗13λ
3 Mˆ∗23λ
2 Mˆ33
V dL =

m2d 0 0
0 m2s 0
0 0 m2b
 . (39)
Here
Mˆ11 = |yˆd|2 + |y˜d|2 + |x˜d|2, Mˆ22 = |yˆs|2 + |y˜s|2 + |x˜s|2,
Mˆ33 = |yˆb|2 + |y˜b|2 + |x˜b|2, Mˆ12 = yˆdyˆ∗s + y˜dy˜∗s + x˜dx˜∗s,
Mˆ13 = yˆdyˆ
∗
b + y˜dy˜
∗
b + x˜dx˜
∗
b , Mˆ23 = yˆsyˆ
∗
b + y˜sy˜
∗
b + x˜sx˜
∗
b , (40)
with y˜f = yˆf + xˆ
−
f ǫλ and x˜f = yˆf + xˆ
+
f ǫλ with f = d, s, b. Recalling that xˆ
±
f = xˆ
s
f ± xˆaf . The
mixing matrix diagonalizing the Hermitian matrix MdM†d can be obtained as
V dL =

1− λ2
2
|β|2
Mˆ2
22
λ |β|
Mˆ22
eiφ
d
3 λ3 |Mˆ13|
Mˆ33
eiφ
d
2
−λ |β|
Mˆ22
e−iφ
d
3 1− λ2
2
|β|2
Mˆ2
22
λ2 |Mˆ23|
Mˆ33
eiφ
d
1
λ3
(
|Mˆ23|
Mˆ33
|β|
Mˆ22
e−i(φ
d
1
+φd
3
) − |Mˆ13|
Mˆ33
e−iφ
d
2
)
−λ2 |Mˆ23|
Mˆ33
e−iφ
d
1 1
Qd +O(λ4) ,(41)
where φd1 =
1
2
arg(Mˆ23), φ
d
2 ≈ 12 arg(M13)− 12φd1 and φd3 = 12 arg(β)− 12φd2 with β ≈ Mˆ12eiφ
d
1 −
Mˆ13|Mˆ23|
Mˆ33
e−iφ
d
1 . Here the diagonal phase matrix can be rotated away by the redefinition of
left-handed down-type quark fields. As a result, the corresponding mass eigenvalues of
down-type quarks are given as
md ≈ vΦ√
2
λ6
(
Mˆ11 − |Mˆ13|
2
Mˆ33
− |β|
2
Mˆ22
)1/2
, ms ≈ vΦ√
2
λ5
√
Mˆ22, mb ≈ vΦ√
2
λ3
√
Mˆ33 , (42)
where Mˆij are numerical coefficients of order ≈ 1 given in Eq. (40). This provides the mass
hierarchy
md ≈ λ6mt, ms ≈ λ5mt, mb ≈ λ3mt. (43)
From the charged current term in Eq. (31) we obtain the CKM matrix by combining
Eq. (37) and Eq. (41)
VCKM = V
u†
L V
d
L
=

1− λ2
2
|β|2
Mˆ2
22
λ |β|
Mˆ22
eiφ
d
3 λ3B eiφB
−λ |β|
Mˆ22
e−iφ
d
3 1− λ2
2
|β|2
Mˆ2
22
λ2AeiφA
λ3(A |β|
Mˆ22
e−i(φA+φ
d
3
) −B e−iφB) −λ2Ae−iφA 1
+O(λ4) . (44)
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Here A and B are real numbers
AeiφA ≡ |Mˆ23|
Mˆ33
eiφ
d
1 − |yˆct||yˆt| e
iφu
1 , B eiφB ≡ |Mˆ13|
Mˆ33
eiφ
d
2 − |yˆut||yˆt| e
iφu
2 . (45)
It shows directly that can generate a large Cabbibo angle θC ∼ λ and the two small mixing
angles θq13 ∼ λ3 and θq23 ∼ λ2. From Eq. (44), after the field redefinitions sL → sLe−iφd3 ,
bL → bLe−i(φA+φd3), cL → cLe−iφd3 and tL → tLe−i(φA+φd3), if one set
B e−i(φA+φ
d
3
−φB) = A(ρ− iη), |β|2 ≈ Mˆ222 (46)
then one can obtain the CKM matrix in the Wolfenstein parametrization [8] given by
VCKM =

1− λ2
2
λ λ3A(ρ− iη)
−λ 1− λ2
2
Aλ2
Aλ3(1− ρ− iη) −Aλ2 1
+O(λ4) . (47)
As reported in Ref. [9] the best-fit values of the parameters λ, A, ρ¯, η¯ with 1σ errors are
λ = sin θC = 0.22457
+0.00200
−0.00027 , A = 0.823
+0.025
−0.049 ,
ρ¯ = 0.129+0.075−0.027 , η¯ = 0.348
+0.037
−0.044 , (48)
where ρ¯ = ρ(1 − λ2/2) and η¯ = η(1− λ2/2).
B. Lepton sector
The lepton mass terms can be written in (block) matrix form as
− Lm = 1
2
N cRMRNR + νLmDNR + ℓLMℓℓR + h.c. (49)
=
1
2
(
νL N cR
) 0 mD
mTD MR
 νcL
NR
+ ℓLMℓℓR + h.c., (50)
where
Mℓ = Yℓ〈η0〉, mD =
3∑
i=1
Y (i)ν 〈Φ0i 〉. (51)
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Explicitly, for 〈η0〉 = vη/
√
2 and 〈Φ0i 〉 = vΦ/
√
2,
Mℓ = vη√
2
λ3

yˆeλ
5 0 0
0 yˆµλ
2 0
0 0 yˆτ
 , (52)
mD =
vΦ√
2
λ

yˆν1 0 0
0 yˆν2 0
0 0 yˆν3


1 1 1
1 ω ω2
1 ω2 ω
 + vΦ√2 ǫ λ2

0 xˆν−1 xˆ
ν+
1
0 xˆν−2 ω xˆ
ν+
2 ω
2
0 xˆν−3 ω
2 xˆν+3 ω
 . (53)
In the limit of large M (seesaw mechanism), and focusing on the mass matrix of the light
neutrinos Mν only,
−Lm = 1
2
νLMννcL + ℓLMℓℓR + h.c. + terms in NR (54)
with
Mν = −mDM−1R mTD (55)
= m0 e
iπ

1 + 2F (1− F ) y2 (1− F ) y3
(1− F ) y2 (1 + F+3G2 ) y22 (1 + F−3G2 ) y2y3
(1− F ) y3 (1 + F−3G2 ) y2y3 (1 + F+3G2 ) y23

+ ǫλm0 e
iπ

δ11 δ12 δ13
δ12 δ22 δ23
δ13 δ23 δ33
 + ǫ2λ2m0 eiπ

γ11 γ12 γ13
γ12 γ22 γ23
γ13 γ23 γ33
 , (56)
where the parameters at the leading order are defined as
m0 =
v2Φ|yν1 |2
2M
, F =
1
κ+ 1
, G =
1
κ− 1 , y2 ≡
yˆν2
yˆν1
, y3 ≡ yˆ
ν
3
yˆν1
, (57)
here κ ≡ κ˜ eiφ with κ˜ ≡ λ |yˆνR| vχM and φ ≡ arg (yˆνR), and the other parameters are defined in
Eqs. (C2) and (C3). We have used
M−1R =
1
M(1 − κ2)

1− κ2 0 0
0 1 −κ
0 −κ 1
 = 1M

1 0 0
0 F−G
2
F+G
2
0 F+G
2
F−G
2
 . (58)
Note here that, taking 0.6 . vχ/M . 3 due to vχ ∼ M in Eq. (13), λ = 0.225 and
0.3 . |yˆνR| . 3, the value of κ˜ lies in the range 0.04 . κ˜ . 2.0. And it is expected that
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the masses and mixing angles are not crucially corrected by the next leading order terms
due to both ǫλ ≈ λ2 and the parameters δij , γij in Eq. (56) being of order unity. Since
the corrections can be kept few percent level, deviations from the leading order corrections
are obtained for all measurable quantities at approximately the same level. So, in what
follow we take only the leading contribution. Notice that the mass scale m0 incorporates
the seesaw mechanism. Notice also that once m0 is matched to the experimental data, the
value of yν1 = yˆ
ν
1λ depends sensitively on the scale M . For m0 ≃ 0.03 eV, if the value of
yˆν1 is of order one, i.e. 0.3 . |yˆν1 | . 3, the seesaw (leptogenesis) scale M is in the range
2.3× 1012 GeV . M . 2.3× 1014 GeV.
We perform basis rotations from weak to mass eigenstates in the leptonic sector,
ℓ̂L = P
∗
ℓ ℓL , ℓ̂R = P
∗
ℓ ℓR , ν̂L = U
†
νP
∗
ν νL , (59)
where Pℓ and Pν are phase matrices and Uν is a unitary matrix chosen so as the matrices
M̂ℓ = P ∗ℓMℓPℓ = diag(me, mµ, mτ ) (60)
M̂ν = U †νP ∗νMνP ∗νU∗ν = diag(m1, m2, m3) (61)
are real and positive diagonal. Here mi (i = 1, 2, 3) are the light neutrino masses. Then
from the charged current term in Eq. (50) we obtain the lepton mixing matrix UPMNS as
UPMNS = P
∗
ℓ PνUν . (62)
It is important to notice that the phase matrix Pν can be rotated away by choosing the matrix
Pℓ = Pν , i.e., by an appropriate redefinition of the left-handed charged lepton fields, which
is always possible. This is an important point because the phase matrix Pν accompanies the
Dirac-neutrino mass matrix mD, and here for simplicity we take only the leading neutrino
Yukawa matrix Yν in Eq. (53). This means that complex phases in Yν can always be rotated
away by appropriately choosing the phases of left-handed charged lepton fields. Hence
without loss of generality the eigenvalues yν1 , y
ν
2 , and y
ν
3 of Yν can be real and positive. The
matrix UPMNS = Uν can be written in terms of three mixing angles and three CP-odd phases
(one for the Dirac neutrinos and two for the Majorana neutrinos) as [2]
UPMNS =

c13c12 c13s12 s13e
−iδCP
−c23s12 − s23c12s13eiδCP c23c12 − s23s12s13eiδCP s23c13
s23s12 − c23c12s13eiδCP −s23c12 − c23s12s13eiδCP c23c13
Qν , (63)
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where Qν = diag(e
−iϕ1/2, e−iϕ2/2, 1), and sij ≡ sin θij and cij ≡ cos θij . The mass matrixMν
is diagonalized by the PMNS mixing matrix UPMNS as described above,
Mν = UPMNS diag(m1, m2, m3) UTPMNS. (64)
As is well-known, because of the observed hierarchy |∆m2Atm| ≡ |m23 − m21| ≫ ∆m2Sol ≡
m22 −m21 > 0, and the requirement of a Mikheyev-Smirnov-Wolfenstein resonance for solar
neutrinos, there are two possible neutrino mass spectra: (i) the normal mass ordering (NO)
m1 < m2 < m3, and (ii) the inverted mass ordering (IO) m3 < m1 < m2. In the limit
yν2 = y
ν
3 (y2 → 1), the mass matrix in Eq. (56) acquires a µ–τ symmetry that leads to
θ13 = 0 and θ23 = −π/4. Moreover, in the limit yν1 = yν2 = yν3 (y2, y3 → 1) 3, the mass
matrix (56) gives the TBM [11] angles and their corresponding mass eigenvalues
sin2 θ12 =
1
3
, sin2 θ23 =
1
2
, sin θ13 = 0 , (65)
m1 = 3m0|F | , m2 = 3m0 , m3 = 3m0|G| . (66)
These mass eigenvalues are disconnected from the mixing angles. However, recent neutrino
data, i.e. θ13 6= 0, require deviations of y2,3 from unity, leading to a possibility to search
for CP violation in neutrino oscillation experiments. These deviations generate relations
between mixing angles and mass eigenvalues. Therefore Eq. (56) directly indicates that
there could be deviations from the exact TBM if the Dirac neutrino Yukawa couplings do
not have the same magnitude.
Acquiring VEV 〈Θ〉 as in Eq. (13), the field-dependent Yukawa couplings of the charged
leptons give rise to the mass hierarchy in the charged lepton masses. From Eq. (53),
me
mt
≈ |yˆe||yˆt| λ
8,
mµ
mt
≈ |yˆµ||yˆt| λ
5,
mτ
mt
≈ |yˆτ ||yˆt| λ
3, (67)
with the |yˆ| ≈ 1. On the other hand, since the Yukawa couplings of the Dirac neutrinos
are not a function of the flavon fields, the mild hierarchy of the light neutrino masses is
naturally guaranteed with |yν1 | ≈ |yν2 | ≈ |yν3 | ≈ O(0.1). From Eq. (66) we obtain
mν1 ≈ m0, mν2 ≈ m0, mν3 ≈ m0 . (68)
Note here that the above equation does not mean that the light neutrino mass spectrum is
quasi-degenerate. In the following section, we investigate this spectrum in more detail by
using a numerical analysis.
3 In this limit there exists a neutrino mass sum-rule [10].
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We conclude this section by summarizing the hierarchical pattern of quark and lepton
masses that we obtain in our model, which reproduces the observed quark and lepton mass
hierarchy. To within some numerical coefficients of order one,
mν ≪ me, me ≈ λmu, mu ≈ λmd, md ≈ λms, (69)
ms ≈ mµ ≈ λmc, mc ≈ λmb, mb ≈ mτ ≈ λ3mt. (70)
Alternatively,
me : mµ : mτ ≃ λ5 : λ2 : 1, mu : mc : mt ≃ λ7 : λ4 : 1, (71)
md : ms : mb ≃ λ3 : λ2 : 1, mb/mt ≃ λ3, mτ/mb ≃ 1. (72)
These relations differ from those obtained in GUT SU(5) [12], and in comparison provide a
better accommodation of the me/mµ ratio. This reproduces the pattern of quark and lepton
masses for λ ≈ 0.225.
IV. LEPTONIC CP VIOLATION, 0νββ-DECAY AND LEPTOGENESIS
In this section we investigate the observables that can be tested in the current and the
next generation of experiments, and study how our model can provide a viable baryon
asymmetry in the universe through leptogenesis. In detail, we consider (i) the deviations
of the atmospheric mixing angle θ23 from its maximal value of 45
◦, (ii) the generation of
the low energy CP-violation phase δCP (or the Jarlskog invariant JCP ) in both normal and
inverted neutrino mass orderings, and (iii) the rate of neutrinoless double beta (0νββ) decay
via the effective mass |mee| = |
∑
i U
2
eimi|, which is a probe of lepton number violation at
low energy. Since an observation of 0νββ-decay and a sufficiently accurate measurement
of its half-life can provide information on lepton number violation, the Majorana vs. Dirac
nature of neutrinos, and the neutrino mass scale and hierarchy, we show that our model is
experimentally testable in the near future.
We perform a numerical analysis using the linear algebra tools that are contained in the
renormalization-group evolution program of Ref. [13].
The Daya Bay [14] and RENO [15] experiments have accomplished the measurement of
all three neutrino mixing angles θ12, θ23, and θ13, associated with three kinds of neutrino
oscillation experiments. Global fit values and 3σ intervals for the neutrino mixing angles and
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TABLE II: Global fit of three-flavor oscillation parameters (best-fit values and 3σ intervals) [16].
NO = normal neutrino mass ordering; IO = inverted neutrino mass ordering. The ⊕ indicates the
presence of two local minima in the global fit.
θ13[
◦] δCP [
◦] θ12[
◦] θ23[
◦] ∆m2Sol[10
−5eV2] ∆m2Atm[10
−3eV2]
best-fit
value
8.71 265 33.57 41.9 ⊕ 50.0 7.45 2.417 (NO)
2.410 (IO)
3σ
interval
[7.50, 9.78] [0, 360] [31.38, 36.01] [37.2, 54.5] [6.98, 8.05]
[2.247, 2.623] (NO)
[2.226, 2.602] (IO)
the neutrino mass-squared differences [16] are listed in Table II, where ∆m2Sol ≡ m22 −m21,
∆m2Atm ≡ m23 − m21 for the normal mass ordering (NO), and ∆m2Atm ≡ |m22 − m23| for the
inverted mass ordering (IO).
The mass matrices mD and MR in Eq. (56) contain seven parameters:
yν1 ,M, vΦ, y2, y3, κ˜, φ. The first three (y
ν
1 , M, and vΦ) lead to the overall neutrino scale
parameter m0. The last four (y2, y3, κ˜, φ) give rise to the deviations from TBM as well as
the CP phases and corrections to the mass eigenvalues (see Eq. (66)). Since the neutrino
masses are sensitive to the combination m0 = v
2
Φ|yν1 |2/(2M), all choices of M and vΦ yν1 with
the same v2Φ|yν1 |2/M give identical results for the neutrino masses and mixings. Due to the
magnitude of the Yukawa couplings (|yνi | ≈ 0.1), our model seesaw scale (leptogenesis scale)
can be roughly determined as M ≈ 1012−14 GeV.
In our numerical examples, we take M = 5 × 1012 GeV and vη = vΦ = 123 GeV, for
simplicity, as inputs. Then the effective neutrino mass matrix in Eq. (56) contains only
the five parameters m0, y2, y3, κ˜, φ, which can be determined from five experimental results
(three mixing angles θ12, θ13, and θ23, and two mass squared differences ∆m
2
Sol and ∆m
2
Atm).
The values of the CP-violating phases δCP and ϕ1,2 follow after the model parameters are
obtained from the experimentally measured quantities.
For given values ofM, vη, vΦ we obtain the following allowed regions of the unknown model
parameters within the 3σ experimental bounds in Table II: for the normal mass ordering
(NO),
κ˜ ∈ [0.19, 0.72], y2 ∈ [1.0, 1.25], y3 ∈ [1.0, 1.25],
m0/(10
−2eV) ∈ [1.5, 4.3], φ ∈ [97◦, 114◦] ∪ [246◦, 265◦]; (73)
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FIG. 1: Scatter plots showing the location of points in parameter space lying within the 3σ exper-
imental bounds of Table II. The upper panel shows the correlation between the input parameters
κ˜(≡ λ|yνR|vχ/M) and y1 ≡ yν1 . The lower panels plot the dependence of the atmospheric mixing
angle θ23 on the input parameters φ (left plot) and y2/y3 (right plot). The horizontal dotted lines
show the best-fit values (two local minima). The red crosses and the blue dots correspond to
normal mass ordering (NO) and inverted mass ordering (IO), respectively.
for the inverted mass ordering (IO),
κ˜ ∈ [0.20, 1.60], y2 ∈ [0.74, 1.25], y3 ∈ [0.80, 1.31],
m0/(10
−2eV) ∈ [1.6, 4.9], φ ∈ [93◦, 113◦] ∪ [134◦, 143◦] ∪ [218◦, 226◦] ∪ [241◦, 267◦]. (74)
Notice that the Dirac neutrino Yukawa couplings yν1,2,3 ≈ 0.1, and the numerical values of κ˜
lie in the range discussed below Eq. (57).
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Random points in parameter space falling within the 3σ experimental bounds of Table II
are used to generate scatter plots showing correlations in parameter space and predictions
for the observables quantities. In Fig. 1 the upper panel shows the correlation between the
input parameters κ˜ and yν1 , while the lower panels plot the atmospheric mixing angle θ23
vs. the input parameters φ (left plot) and y2/y3 (right plot). Red crosses correspond to the
normal mass ordering (NO) and blue dots to the inverted mass ordering (IO).
A. Neutrinoless double beta (0νββ) decay
If neutrinos are Majorana particles, an important low-energy observable is 0νββ-decay,
which effectively measures the absolute value of the ee-component of the effective neutrino
mass matrix Mν in Eq. (56) in the basis where the charged lepton mass matrix is real and
diagonal:
|mee| =
∣∣∣∑
i
U2eimi
∣∣∣ = ∣∣∣m1c212c213 +m2s212c213ei(ϕ1−ϕ2) +m3s213ei(ϕ1−2δCP )∣∣∣ . (75)
Since the 0νββ-decay is a probe of lepton number violation at low energy, its measurement
could be the strongest evidence for lepton number violation at high energy. In other words,
the discovery of 0νββ-decay may suggest the Majorana character of the neutrinos and thus
the existence of heavy Majorana neutrinos (via the seesaw mechanism), which are a crucial
ingredient for leptogenesis.
Current 0νββ-decay experimental upper limits and the reach of near-future experiments
are collected for example in Ref. [17]. The current best upper bounds on |mee| are in the
range |mee| < 0.12–0.2 eV, depending on uncertainties in the nuclear matrix elements. The
KamLAND-Zen (KLZ) experiment obtained a 90%-CL lower bound T 0ν1/2(
136Xe) > 1.9×1025
yr on the 0νββ-decay half-life of 136Xe [18]. The EXO-200 (EXO) experiment reported
a 90%-CL lower limit T 0ν1/2(
136Xe) > 1.6 × 1025 yr [19]. Combining the KLZ and EXO
bounds gives T 0ν1/2(
136Xe) > 3.4 × 1025 yr at the 90% CL, which corresponds to an upper
limit |mee| < 0.120 − 0.250 eV (once account is taken of the uncertainties in the available
nuclear matrix elements). The GERDA experiment [20] in its phase I has published a
new limit on the 76Ge 0νββ-decay half-life T 0ν1/2(
76Ge) > 2.1 × 1025 yr at the 90% CL.
Combining it with the previous Ge-based results (Heidelberg-Moscow [21] and IGEX [22])
yields T 0ν1/2(
76Ge) > 3.0× 1025 yr at 90% CL. This corresponds to |mee| < 0.20− 0.40 eV.
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FIG. 2: Plots of |mee| as a function of κ˜ (left) and φ (right). The horizontal solid (dotted) lines
show the current bounds from (near future reach of) Xe-based 0νββ experiments.
We mention here in passing that the phase-I GERDA limit excludes the 76Ge 0νββ-decay
signal claimed in Ref. [23] with a half-life T 0ν1/2(
76Ge) = 2.23+0.44−0.31 × 1025 yr at the 68% CL,
independently of uncertainties in the nuclear matrix elements and of the physical mechanism
responsible for 0νββ-decay. The KLZ and EXO results exclude the claim in [23] at more
than 97.5% CL, but the comparison is model dependent.
In the near future, KamLAND-Zen, EXO, and GERDA are expected to probe the range
0.01 eV < |mee| < 0.1 eV. (76)
If these experiments measure a value of |mee| > 0.01 eV, the hierarchical spectrum of normal
mass ordering would be strongly disfavored [24].
In our model, the effective neutrino mass |mee| that characterizes the amplitude for 0νββ-
decay is given by
|mee| = m0
∣∣∣∣3 + κ˜eiφ1 + κ˜eiφ
∣∣∣∣ . (77)
This shows that in our model the rate of 0νββ-decay depends on the parameters m0, κ˜, and
φ associated with the heavy (right-handed) Majorana neutrinos in Eq. (24). These are the
same parameters that enter leptogenesis [6].
Varying our model parameters within the 3σ experimental bounds of Table II produces
the results shown in Figs. 2 and 3. The horizontal solid (dotted) lines provide a rough
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FIG. 3: Plots of |mee| as a function of mlightest (left) and
∑
mi (right). The horizontal solid
(dotted) lines show the current bounds from (near future reach of) Xe-based 0νββ experiments,
while the vertical solid (dotted) lines indicate the cosmological Planck-I (Planck-II) upper bounds.
indication of the current Xe-based upper bounds (near-future reach) of 0νββ experiments.
Fig. 2 shows the sensitivity of |mee| to the input parameters κ˜ (left plot) and φ (right plot).
In Fig. 3, the plot on the left shows the dependence of |mee| on the lightest neutrino mass
mlightest, which equals m1 for NO and m3 for IO. The plot on the right shows |mee| vs.
the sum of the light neutrino masses
∑3
i=1mi, which is subject to the cosmological bounds
indicated by the vertical solid and dotted lines. These bounds are
∑
imi < 0.23 eV at 95%
CL (Planck-I, derived from the combination Planck + WMAP low-multipole polarization
+ high resolution CMB + baryon acoustic oscillations (BAO), assuming a standard ΛCDM
cosmological model) and
∑
imi < 0.66 eV at 95% CL (Planck-II, derived from the data
without BAO [1]). The more stringent Planck I limit cuts into our region of points and
starts to disfavor a quasi-degenerate light neutrino mass spectrum. The current 0νββ-decay
experiments also cut into our region of points, and the near-future 0νββ-decay experiments
can test our model completely.
We conclude this section by remarking that the tritium beta decay experiment KA-
TRIN [25] is not expected to reach into our model region. KATRIN will be sensitive to an
effective electron neutrino mass mβ =
√∑
i |Uei|2m2i [26] down to about 0.2 eV, while our
model produces values in the range 0.047 . mνe . 0.130 eV for NO and 0.049 . mνe . 0.150
eV for IO.
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FIG. 4: Predictions for the leptonic CP-violating δCP as a function of neutrino mixing angle θ23.
The vertical dotted lines bound the current best-fit value of θ23. The blue dots and the red crosses
correspond to the inverted mass ordering (IO) and the normal mass ordering (NO), respectively.
B. Leptonic CP violation
After the observation of a non-zero mixing angle θ13 in the Daya Bay [14] and RENO [15]
experiments, the Dirac CP-violating phase δCP is the next observable on the agenda of
neutrino oscillation experiments. The magnitude of the CP-violating effects is determined
by the invariant JCP associated with the Dirac CP-violating phase:
JCP ≡ −Im[U∗e1Ue3Uτ1U∗τ3] =
1
8
sin 2θ12 sin 2θ13 sin 2θ23 cos θ13 sin δCP . (78)
Here Uαj is an element of the PMNS matrix in Eq. (63), with α = e, µ, τ corresponding to
the lepton flavors and j = 1, 2, 3 corresponding to the light neutrino mass eigenstates.
Due to the precise measurement of θ13, which is relatively large, it may now be possible
to put constraints on the Dirac phase δCP which will be obtained in the long baseline
neutrino oscillation experiments T2K, NOνA, etc. (see, Ref. [2]). However, the current
large uncertainty on θ23 is at present limiting the information that can be extracted from
the νe appearance measurements. Precise measurements of all the mixing angles are needed
to maximize the sensitivity to the leptonic CP violation.
Fig. 4 shows our model predictions for the Dirac CP-violating phase δCP in terms of the
atmospheric mixing angle θ23. The blue dots and red crosses correspond to the inverted mass
ordering (IO) and the normal mass ordering (NO), respectively. Within our model, future
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precise measurements of θ23 should be able to distinguish between IO and NO. For NO, θ23
would be in the range [43◦, 47◦], close to the maximal value of 45◦. For IO, θ23 would be in
the range [37◦, 41◦]∪ [49◦, 54◦], that is 5◦ to 8◦ away from maximality. In turn, such precise
measurements of θ23 would restrict the possible range of δCP in our model. A value of θ23
slightly larger than maximal, i.e. θ23 ∈ [45◦, 47◦], would imply an NO and δCP ∈ [90◦, 270◦],
while a value of θ23 slightly smaller than maximal, i.e. θ23 ∈ [43◦, 45◦], would imply an NO
and δCP ∈ [0, 90◦]∪ [270◦, 360◦]. A value of θ43 considerably larger or smaller than maximal,
i.e. [37◦, 41◦] ∪ [49◦, 54◦], would imply IO and δCP within few degrees of 70◦, 110◦, 250◦, or
290◦.
In our model, the magnitudes of the CP-violating quantities JCP and δCP are constrained
by the neutrino mass matrix Eq. (56) and depend on the value of the phase φ. The Jarlskog
invariant JCP can be expressed in terms of the elements of the matrix h =MνM†ν as [27]
JCP = − Im{h12h23h31}
∆m221∆m
2
31∆m
2
32
. (79)
In our model, the numerator is expressed as
Im{h12h23h31} = sin φm60
27y22y
2
3κ˜
3(y23 − y22)
[(1 + κ˜2)2 − 4κ˜2 cos2 φ]2
{
2(1− y22)(1− y23) + κ˜2(2 + y22y23)
+ 2{y22(2 + y23)− 2(1− y23)}κ˜ cosφ
}
. (80)
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FIG. 5: Plots of the leptonic CP-violating phase δCP (left) and the CP-violating invariant JCP
(right) vs. |mee|. The vertical solid (dotted) lines indicate the current bounds from (near-future
reach of) Xe-based 0νββ-decay experiments.
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Clearly, Eq. (80) indicates that JCP depends on the phase φ, and in the limits y2 → y3 or
sinφ→ 0, the leptonic CP-violating invariant JCP goes to zero.
The dependence of δCP and JCP on the effective Majorana neutrino mass |mee| is shown
in Fig. 5. The left plot shows predictions for δCP , the right plot for JCP . The vertical
solid (dotted) lines show the current bounds from (near future reach of) Xe-based 0νββ-
decay experiments. The correlations shown in the figure indicate that in our model precise
measurements of or improved upper bounds on |mee| from 0νββ-decay experiments may be
able to restrict the possible ranges of δCP , and in some cases may even distinguish NO from
IO.
It is worth remarking that in the context of our model an observation of 0νββ-decay and
an accurate measurement of its half-life, combined with data on the absolute neutrino mass
scale, may be able to provide information on the Majorana phases in the PMNS matrix.
Similarly to Eq. (78), two CP-violating invariants can be defined in place of the Majorana
phases ϕ1,2 [28],
JMj1CP ≡ Im[U2e2(U∗e1)2] =
1
4
sin2 θ12 cos
4 θ13 sin(ϕ1 − ϕ2) ,
JMj2CP ≡ Im[U2e3(U∗e1)2] =
1
4
sin2 θ13 cos
2 θ12 sin(ϕ1 − 2δCP ) . (81)
In the parametrization of the PMNS matrix in Eq. (63), the Majorana CP phases can be
extracted as ϕ1 = 2 arg (U
∗
e1), ϕ2 = 2 arg (U
∗
e2). Since there is no distinction between the
0νββ rate of a nucleus and that of its antinucleus, 0νββ-decay processes do not exhibit CP
violation [29]. There are, however, processes that do manifest CP-violating effects and that
can be sensitive to the CP violation induced by the Majorana phases ϕ1 and ϕ2 [30]: (i)
neutrino ↔ antineutrino oscillations [31], (ii) rare leptonic decays of K and B mesons, such
as K± → π∓l±l± and similar modes for the B, and (iii) leptogenesis in the early Universe.
C. Leptogenesis
Baryogenesis through leptogenesis is governed by the same CP-violating phases that enter
the quantities |mee| and JCP . It is therefore interesting to ask if the parameters that produce
a correct baryon asymmetry parameter ηB also provide sizable values of |mee| and/or δCP .4
4 Since there exists a unique CP phase in the model, Majorana CP phases can also be linked to directly ηB.
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FIG. 6: Model predictions for primordial baryogenesis. The plot on the left shows the relation
between the baryon asymmetry parameter ηB and the 0νββ-decay mass |mee|. The vertical solid
line indicates the current bounds from Xe-based 0νββ-decay experiments, while the dotted line
indicates their near-future reach. The plot on the right shows our model predictions for δCP
in terms of the positive values of ηB . The thick dashed line on both plots corresponds to the
measured values of the baryon asymmetry in the Universe ηB = (6.05± 0.07)× 10−10 from Planck
measurements [1], or ηB = (6.2± 1.0) × 10−10 from D/H measurements [33].
Leptogenesis in the early universe is expected to occur at an energy scale where the A4
symmetry is broken but the SM gauge group remains unbroken. Since the Dirac neutrino
Yukawa couplings are ≈ 0.1, the scale of leptogenesis corresponds to ≈ 1012 GeV, and
flavorless leptogenesis is viable. The CP asymmetry is generated through the interference
between tree and one-loop diagrams for the decay of the i-th generation heavy Majorana
neutrino Ni into Φ and leptons [6]. This decay rate is given by the expression
εi =
|yν1 |2v2Φ {−Pig(xij) + Pkg(xik)}
16π(m˜†Dm˜D)ii
, (82)
where (i, j, k) = (1, 2, 3) and cyclic permutations, P1 = (2− y22 − y23)2(1 + κ˜ cosφ)/a+, P2 =
3(y22 − y23)2(1 − κ˜ sin φ)/a−, P3 = 3(y22 − y23)2κ˜ sinφ/a+a−, where a± =
√
1 + κ˜2 ± 2κ˜ cos φ,
and g(x) is a loop function defined by
g(xij) =
√
xij
(
1
1− xij + 1− (1 + xij) ln
(
1 + xij
xij
))
, (83)
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with xij =M
2
j /M
2
i . Moreover, m˜D = mDUR, where
UR =
1√
2

0
√
2 0
1 0 −1
1 0 1


ei
ψ1
2 0 0
0 1 0
0 0 ei
ψ2
2
, (84)
with ψ1 = tan
−1
(
−κ˜ sinφ
1+κ˜ cosφ
)
and ψ2 = tan
−1
(
κ˜ sinφ
1−κ˜ cosφ
)
.
In the limit y2,3 → 1, the CP-violating quantities JCP and εi vanish. Near this limit, the
cosmological baryon asymmetry is given by [6]:
ηB ≃ −0.01
∑
i
εi κ˜(m˜i) , (85)
where κ˜(m˜i) is a wash-out factor given approximately by κ˜(m˜i) ≃
[
(8.25/m˜i) +
(m˜i/0.2)
1.16
]−1
, with m˜i = (m˜
†
Dm˜D)ii/Mi in meV [32].
Fig. 6 shows the values of the baryon asymmetry parameter ηB in our model vs. the 0νββ-
decay mass |mee| and the CP-violating phase δCP . The plot on the left shows positive values
of ηB in terms of |mee|. The plot on the right shows predictions of δCP as functions of positive
values of ηB. Observationally, ηB = (6.05 ± 0.07) × 10−10 from Planck measurements [1],
or ηB = (6.2 ± 1.0) × 10−10 from D/H measurements [33]. In Fig. 6, these values (almost
indistinguishable at the scale of the plots) are indicated by a thick dashed line.
Our model is compatible with a successful baryogenesis through leptogenesis scenario.
Imposing a successful leptogenesis constrains both the Dirac CP-violating phase (or JCP )
and the rate of 0νββ-decays. In correspondence to the observational values of ηB, a successful
leptogenesis in our model requires a normal mass ordering (NO), fixes a Dirac CP-violating
phase equal to approximately one of the four values 20◦, 60◦, 205◦, or 245◦ (the first two
values correspond to θ23 ≃ 44◦ and the last two values to θ23 ≃ 46◦), and constrains the
0νββ Majorana mass to be |mee| ≃ 0.072±0.012 eV. Also, the mass of the lightest neutrino
would be ≃ 0.07 eV, and the sum of the light neutrino masses would be ∑mi ≃ 0.22
eV, which is reachable with upcoming cosmological measurements [35]. Note that since the
magnitude of the Dirac neutrino Yukawa couplings is ≈ O(0.1), due to the seesaw relation
yν21 = 2Mm0/v
2
Φ in Eq. (56), the leptogenesis scale in our model lies approximately in the
range ≈ 1012 − 1014 GeV.
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FIG. 7: Model prediction of |mee| in terms of θ23. The vertical dotted lines show the best-fit
values for θ23. The horizontal lines show the current upper bounds from (and near-future reach
of) 0νββ-decay experiments. Blue dots correspond to the inverted mass ordering (NO) and red
crosses to the normal mass ordering (IO).
V. CONCLUSIONS
We have proposed an economical model based on SU(2)L × U(1)Y × A4 × U(1)X in a
seesaw framework, in which the Yukawa couplings are functions of flavon fields that decouple
at some large flavor physics scale. By appropriate assignments of U(1)X charges to the quark
and lepton flavors, our model can naturally explain the mass hierarchies and the pattern of
mixing angles in both the quark and lepton sectors: two large and one small mixing angles
for the quarks; light neutrinos, one large and two small mixing angles for the leptons. An
important point is that our model shows why the hierarchy of light neutrino masses is mild,
while the hierarchy of the charged fermions is strong.
Our model predictions for the yet unmeasured leptonic CP-violating phase δCP and the
neutrinoless ββ-decay effective mass |mee| can be fully tested in current and upcoming
experiments. For both normal and inverted mass orderings in the neutrino masses, the
allowed regions of |mee| and θ23 in our model are strongly restricted and they are accessible
in 0νββ-decay experiments (such as GERDA-II, MAJORANA, CUORE, and others listed
in Ref. [17]) and long-baseline neutrino oscillation experiments (such as T2K, NOνA, and
others listed in Ref. [2]).
Future precise measurements of |mee| and θ23 are also able in principle to exclude or favor
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our model, as summarized in Fig. 7. There we plot our model predictions for the correlation
between |mee| and θ23. For the normal mass ordering, our model predicts that θ23 must be
within ∼ 1◦ of 45◦. For the inverted mass ordering, our model predicts that θ23 must be
∼ 4◦ to ∼ 8◦ degrees away from 45◦ (in either direction). For both normal and inverted
mass ordering, our model predicts that 0.035eV < |mee| . 0.15 eV.
Finally, with flavon Dirac neutrino Yukawa couplings yˆ ≈ 0.1, our model predicts values
of |mee|, δCP , and the atmospheric mixing angle θ23 that can accommodate a successful
leptogenesis in the early universe. This happens for a 0νββ-decay mass |mee| ≃ 0.072±0.012
eV, and a Dirac CP-violating phase δCP equal to either δCP ≃ 20◦ or 60◦ (for θ23 ≃ 44◦) or
δCP ≃ 205◦ or 245◦ (for θ23 ≃ 46◦).
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Appendix A: The A4 Group
The group A4 is the symmetry group of the tetrahedron, isomorphic to the finite group of
the even permutations of four objects. The group A4 has two generators, denoted S and T ,
satisfying the relations S2 = T 3 = (ST )3 = 1. In the three-dimensional real representation,
S and T are given by
S =

1 0 0
0 −1 0
0 0 −1
 , T =

0 1 0
0 0 1
1 0 0
 . (A1)
A4 has four irreducible representations: one triplet 3 and three singlets 1, 1
′, 1′′. An A4
triplet (a1, a2, a3) transforms in the unitary representation by multiplication with the S and
T matrices in Eq. (A1) above,
S

a1
a2
a3
 =

a1
−a2
−a3
 , T

a1
a2
a3
 =

a2
a3
a1
 . (A2)
An A4 singlet a is invariant under the action of S (Sa = a), while the action of T produces
Ta = a for 1, Ta = ωa for 1′, and Ta = ω2a for 1′′, where ω = ei2π/3 = −1/2 + i√3/2 is a
complex cubic-root of unity. Products of two A4 representations decompose into irreducible
representations according to the following multiplication rules: 3⊗3 = 3s⊕3a⊕1⊕1′⊕1′′,
1′ ⊗ 1′′ = 1, 1′ ⊗ 1′ = 1′′ and 1′′ ⊗ 1′′ = 1′. Explicitly, if (a1, a2, a3) and (b1, b2, b3) denote
two A4 triplets,
(a⊗ b)3s = (a2b3 + a3b2, a3b1 + a1b3, a1b2 + a2b1) ,
(a⊗ b)3a = (a2b3 − a3b2, a3b1 − a1b3, a1b2 − a2b1) ,
(a⊗ b)1 = a1b1 + a2b2 + a3b3 ,
(a⊗ b)1′ = a1b1 + ω2a2b2 + ωa3b3 ,
(a⊗ b)1′′ = a1b1 + ωa2b2 + ω2a3b3 . (A3)
To make the presentation of our model physically more transparent, we define the T -
flavor quantum number Tf through the eigenvalues of the operator T , for which T
3 = 1.
In detail, we say that a field f has T -flavor Tf = 0, +1, or -1 when it is an eigenfield
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of the T operator with eigenvalue 1, ω, ω2, respectively (in short, with eigenvalue ωTf for
T -flavor Tf , considering the cyclical properties of the cubic root of unity ω). The T -flavor
is an additive quantum number modulo 3. We also define the S-flavor-parity through the
eigenvalues of the operator S, which are +1 and -1 since S2 = 1, and we speak of S-flavor-
even and S-flavor-odd fields. For A4-singlets, which are all S-flavor-even, the representation
1 is T -flavorless (Tf = 0), the representation 1
′ has T -flavor Tf = +1, and the representation
1′′ has T -flavor Tf = −1. Since for A4-triplets, the operators S and T do not commute,
A4-triplet fields cannot simultaneously have a definite T -flavor and a definite S-flavor-parity.
While the real representation of A4 in Eqs. (A1), in which S is diagonal, is useful in writing
the Lagrangian, the physical meaning of our model is more transparent in the T -flavor
representation in which T is diagonal. This T -flavor representation is obtained from the
S-flavor representation in (A1) through the unitary transformation
A→ A′ = U †ωAUω, (A4)
where A is any A4 matrix in the real S-diagonal representation and
Uω =
1√
3

1 1 1
1 ω ω2
1 ω2 ω
. (A5)
In the T -flavor representation we have
S ′ =
1
3

−1 2 2
2 −1 2
2 2 −1
 , T ′ =

1 0 0
0 ω 0
0 0 ω2
 . (A6)
Despite the physical advantages of the T -diagonal S ′, T ′ representation, for clarity of ex-
position and to avoid confusion and complications, in this paper we use the S-diagonal
real representation S, T almost exclusively. For reference, an A4 triplet field with compo-
nents (a1, a2, a3) in the S-diagonal real representation can be expressed in terms of T -flavor
eigenfields (a0, a+1, a−1) as
a1 =
a0 + a+1 + a−1√
3
, a2 =
a0 + ωa+1 + ω
2a−1√
3
, a3 =
a0 + ω
2a+1 + ωa−1√
3
. (A7)
Inversely,
a0 =
a1 + a2 + a3√
3
, a+1 =
a1 + ω
2a2 + ωa3√
3
, a−1 =
a1 + ωa2 + ω
2a3√
3
. (A8)
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Now, in the T diagonal basis the product rules of two triplets (a0, a+1, a−1) and (b0, b+1, b−1)
according to 3⊗ 3 = 3s ⊕ 3a ⊕ 1⊕ 1′ ⊕ 1′′ are as follows
(ac ⊗ bc)3s =
1√
3
(2a0b0 − a+1b−1 − a−1b+1, 2a−1b−1 − a+1b0 − a0b+1, 2a+1b+1 − a−1b0 − a0b−1) ,
(ac ⊗ bc)3a = i (a−1b+1 − a+1b−1, a+1b0 − a0b+1, a0b−1 − a−1b0) ,
(ac ⊗ bc)1 = a0b0 + a+1b−1 + a−1b+1 ,
(ac ⊗ bc)1′ = a0b+1 + a+1b0 + a−1b−1 ,
(ac ⊗ bc)1′′ = a0b−1 + a+1b+1 + a−1b0 . (A9)
The T -flavor number of the products and sums can be easily checked by recalling that
−1− 1 = +1 and +1 + 1 = −1.
The connection to the geometry of the tetrahedron can be obtained if a0, a−1 and a+1
are interpreted as spherical components of a 3-dimensional vector: a0 = az, a+1 = −(ax +
iay)/
√
2 and a−1 = (ax − iay)/
√
2. The resulting z-axis joins a vertex of the tetrahedron
to the center of the opposite face, T is a 120◦ rotation about the z-axis, and S is a 180◦
rotation about the “diagonal” direction xˆ + yˆ + zˆ, which is an axis through the midpoints
of two non-adjacent edges.
Appendix B: Vacuum alignments
When a non-Abelian discrete symmetry like our A4 is considered, it is crucial to check
the stability of the vacuum. It is well know that, in the presence of two A4 triplet Higgs
fields χ and Φ, Higgs potential terms involving both χ and Φ would be problematic for
vacuum stability. Since the Θ and χ VEVs are very heavy, they can be decoupled from the
theory at an energy scale much higher than electroweak scale. But, it is not enough for such
vacuum stability to be guaranteed. One can use extra dimensions [34] to solve naturally
such stability problems by separating physically between Θ, χ and Φ, η. In this case, the
problematic flavon-Higgs terms V (χ,Φ) are not allowed or highly suppressed, and the scalar
potential is a sum of a flavon potential V (Θ, χ) depending only on the flavon fields and a
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Higgs potential V (η,Φ) depending only on the electroweak Higgs fields,5
V (Θ, χ,Φ, η) = V (Θ, χ) + V (Φ, η). (B1)
Minimization of the scalar potential is then achieved separately for the flavon and the elec-
troweak Higgs fields. We now discuss how to realize the vacuum alignment after spontaneous
flavor symmetry breaking.
1. Minimization of the flavon potential
The most general renormalizable scalar potential for the flavon fields Θ and χ, invariant
under SU(2)L × U(1)Y ×A4 × U(1)X × Z2, is given by
V (Θ, χ) = µ2ΘΘ
∗Θ+ λΘΘ∗Θ∗ΘΘ ,
+ µ2χ(χχ
∗)1 + λ
χ
1 (χχ)1(χ
∗χ∗)1 + λ˜
χ
1 (χ
∗χ)1(χ
∗χ)1 + λ
χ
2 (χχ)1′(χ
∗χ∗)1′′
+ λ˜χ2 (χ
∗χ)1′(χ
∗χ)1′′ + λ
χ
3 (χχ)3s(χ
∗χ∗)3s + λ˜
χ
3 (χ
∗χ)3s(χ
∗χ)3s
+ λχΘ1 (χχ
∗)1Θ
∗Θ+
{
λχΘ2 (χχ)1Θ
∗Θ∗ + λχΘ3 (χχχ
∗)1Θ
∗ + h.c.
}
, (B2)
Here µΘ and µχ have mass dimension-1, while λ
Θ, λχ1,2,3, λ˜
χ
1,2,3 are real and dimensionless
and λχΘ1,2,3 are complex and dimensionless.
The vacuum configuration for χ and Θ is obtained by setting to zero the derivatives of
V with respect to each component of the scalar fields χj and Θ. We have four minimization
conditions for the four VEVs vχj and vΘ:
∂V (Θ, χ)
∂χj
∣∣∣∣∣
χj=vχj
= 0 ,
∂V (Θ, χ)
∂Θ
∣∣∣∣∣
Θ=vΘ
= 0 , for j = 1, 2, 3 . (B3)
Since V (Θ, χ) is invariant under A4 × U(1)X , the space of solutions of the minimization
conditions is invariant under A4 × U(1)X . Therefore it is possible to fix the phase of the
VEV 〈Θ〉 without loss of generality: we choose vΘ real. Once an alignment of the A4 triplet
VEV 〈χ〉 is chosen, the orbit of 〈χ〉 under A4 contains discrete degenerate vacua. A solution
5 In Eq. (B1) the equal signs mean that the interactions between Θ, χ and Φ, η are sufficiently small. Here
“sufficiently small” means that these interaction terms cannot ruin the imposed VEV alignment. There
also needs to be a sufficiently small soft breaking term to avoid Goldstone modes resulting from the
spontaneous breaking of U(1)X .
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to the ensuing problem of cosmological topological defects is outside the scope of this work.
We show that a minimum exists for the alignment 〈χ〉 = (vχ, 0, 0). With this choice, and
excluding the trivial solution where all VEVs vanish, the minimization conditions read
Re(λχΘ2 v
2
χ) = 0,
µ2χ + 2
(
λχ1 + λ˜
χ
1 + λ
χ
2 + λ˜
χ
2
)
|vχ|2 +
(
λχΘ1 + 2|λχΘ2 |
)
v2Θ = 0,
µ2Θ +
(
λχΘ1 + 2|λχΘ2 |
)
|vχ|2 + 2λΘv2Θ = 0. (B4)
These have unique solution
arg vχ = −1
2
arg λχΘ2 ,
|vχ|2 =
−
(
λχΘ1 + 2|λχΘ2 |
)
µ2Θ + 2λ
Θµ2χ(
λχΘ1 + 2|λχΘ2 |
)2
− 4
(
λχ1 + λ˜
χ
1 + λ
χ
2 + λ˜
χ
2
)
λΘ
,
v2Θ =
2
(
λχ1 + λ˜
χ
1 + λ
χ
2 + λ˜
χ
2
)
µ2Θ −
(
λχΘ1 + 2|λχΘ2 |
)
µ2χ(
λχΘ1 + 2|λχΘ2 |
)2
− 4
(
λχ1 + λ˜
χ
1 + λ
χ
2 + λ˜
χ
2
)
λΘ
, (B5)
provided the right-hand sides of the |vχ|2 and v2Θ expressions are positive. It is not hard to
see that the latter condition can be satisfied (for example, for −µ2χ > 0 and −µ2Θ > 0, and
choosing λΘ, λχ1,2,3, λ˜
χ
1,2,3 positive to guarantee that the potential is stable at large Θ and χ,
small values of λχΘ1 +2|λχΘ2 | admit physical solutions for vχ and vΘ). Thus we impose the χ
and Θ vacuum alignment
〈χ〉 = (vχ, 0, 0), 〈Θ〉 = vΘ, (B6)
with vΘ real.
2. Minimization of the electroweak Higgs potential
The most general renormalizable scalar potential for the electroweak Higgs fields η and
Φ, invariant under SU(2)L × U(1)Y ×A4 × U(1)X × Z2, is given by
V (η,Φ) = µ2Φ(Φ
†Φ)1 + λ
Φ
1 (Φ
†Φ)1(Φ
†Φ)1 + λ
Φ
2 (Φ
†Φ)1′(Φ
†Φ)1′′ + λ
Φ
3 (Φ
†Φ)3s(Φ
†Φ)3s
+ λΦ4 (Φ
†Φ)3a(Φ
†Φ)3a + iλ
Φ
5 (Φ
†Φ)3s(Φ
†Φ)3a
+ µ2η(η
†η) + λη(η†η)2
+ ληΦ1 (Φ
†Φ)1(η
†η) + ληΦ2 [(η
†Φ)(Φ†η)]1 +
{
ληΦ3 [(η
†Φ)(η†Φ)]1 + h.c.
}
. (B7)
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Here µΦ and µη have mass dimension-1, while λ
Φ
1,...,5, λ
η are real and dimensionless, and
ληΦ1,2,3 are complex and dimensionless.
The A4 symmetry makes V (η,Θ) invariant under cyclic permutations of Φ1, Φ2, and Φ3.
In addition, it can be shown that the potential obtained from V (η,Φ) after exchanging Φ1
and Φ2 differs from the original potential by a term −2iλΦ5 (Φ†Φ)3s(Φ†Φ)3a , which vanishes
for real Φ. Thus the potential V (η,Θ) is invariant under permutations of Φ1, Φ2, and Φ3
when Φ is real. It is therefore interesting to consider a CP-invariant minimum of V (η,Θ)
symmetric under permutations of Φ1, Φ2, and Φ3, i.e., with the vacuum alignment
〈Φ1〉 = 〈Φ2〉 = 〈Φ3〉 = 1√
2
 0
vΦ
 , 〈η〉 = 1√
2
 0
vη
 , (B8)
with real vΦ and vη. Under this ansatz, and the additional assumption that λ
ηΦ
3 is real, the
minimization conditions become
µ2Φ + v
2
Φ
(
3λΦ1 + 4λ
Φ
3
)
+ v2η
(
ληΦ1 + λ
ηΦ
2
2
+ ληΦ3
)
= 0, (B9)
vηµ
2
η + v
3
ηλ
η + 3v2Φvη
(
ληΦ1 + λ
ηΦ
2
2
+ ληΦ3
)
= 0. (B10)
We want to show that there are values of the parameters µ2Φ, µ
2
η, λ
Φ
1,3, λ
η and ληΦ1,2,3 for which
these two equations admit a real solution for vη and vΦ. For illustration, we set vη = vΦ, as
in our numerical work, and find a solution
vη = vΘ =
[
−µ2η
λη + 3
2
(ληΦ1 + λ
ηΦ
2 ) + 3λ
ηΦ
3
]1/2
(B11)
provided the conditions −µ2η > 0, −µ2Φ > 0, and
−µ2η
λη + 3
(
ληΦ
1
+ληΦ
2
2
+ ληΦ3
) = −µ2Φ
3λΦ1 + 4λ
Φ
3 +
ληΦ
1
+ληΦ
2
2
+ ληΦ3
(B12)
are satisfied (which is possible, for example, for real and positive λΦ1,3, λ
η and ληΦ1,2,3). Hence
we conclude that there are non-trivial VEV configurations for Φ and η of the form
〈Φ〉 = vΦ√
2
(1, 1, 1) , 〈η〉 = vη√
2
. (B13)
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Appendix C
The diagonalizing matrix V fL (f = ℓ, ν, d, u) can be parameterized in terms of three mixing
angles and six phases:
V fL =

cf2c
f
3 c
f
2s
f
3e
iφf
3 sf2e
iφf
2
−cf1sf3e−iφ
f
3 − sf1sf2cf3ei(φ
f
1
−φf
2
) cf1c
f
3 − sf1sf2sf3ei(φ
f
1
−φf
2
+φf
3
) sf1c
f
2e
iφf
1
sf1s
f
3e
−i(φf
1
+φf
3
) − cf1sf2cf3e−iφ
f
2 −sf1cf3e−iφ
f
1 − cf1sf2sf3ei(φ
f
3
−φf
2
) cf1c
f
2
Qf , (C1)
where sfi ≡ sin θfi and cfi ≡ cos θfi . The diagonal phase matrix Qf = diag(eiξ1 , eiξ2 , eiξ3) can
be rotated away by a phase redefinition of the fermion fields.
The parameters induced by higher dimensional operators, appearing in Eq. (56), are
defined as
δ11 = 4Fx
s
1 ,
δ22 = (F − 3G)xs2y2 + i
√
3(F +G)xa2y2 ,
δ33 = (F − 3G)xs3y3 − i
√
3(F +G)xa3y3 ,
δ12 = −F (xs2 + xs1y2)− i
√
3(Fxa2 +Gx
a
1y2) ,
δ13 = −F (xs3 + xs1y3) + i
√
3(Fxa3 +Gx
a
1y3) ,
δ23 =
F+3G
2
(xs2y3 + x
s
3y2) + i
√
3F−G
2
(xa2y3 − xa3y2) , (C2)
and
γ11 = 2F (x
s
1)
2 − 2G(xa1)2 ,
γ22 = −G+3F2 (xa2)2 + F+3G2 (xs2)2 + i
√
3(F −G)xa2xs2 ,
γ33 = −G+3F2 (xa3)2 + F+3G2 (xs2)2 − i
√
3(F −G)xa3xs3 ,
γ12 = −Fxs1xs2 +Gxa1xa2 − i
√
3(Fxa2x
s
1 −Gxa1xs2) ,
γ13 = −Fxs1xs3 +Gxa1xa3 + i
√
3(Fxa3x
s
1 −Gxa1xs3) ,
γ23 =
3F−G
2
xa2x
a
3 +
F−3G
2
xs2x
s
3 + i
√
3F+G
2
(xa2x
s
3 − xa3xs2) , (C3)
with
x
s(a)
i ≡
xˆ
s(a)
i
yˆν1
. (C4)
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